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$dX_{t}=a(t, X_{t}, u)dt+b(t, x_{t}, u)dWt$ ,
$X_{0}=\xi(\omega)$ $\sim u_{0}(x)d_{X}$
(1)
W. $u(t, x),$ $u_{0}(x)$
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( $\mathrm{e}\mathrm{g}$ . E.Puckett, D.Talay,







$dX_{t}=a(t, X_{t} : u)dt+b(t, X_{t} : u)dW_{t}$ ,
$X_{0}=\xi(\omega)$ $\sim u_{0}(X)d_{X}$
(3)
$c(t, x:g)=c(t, x, \int F(x-y)g(y)dy)(c(\cdot)=a(\cdot), b(\cdot)$ $g(x)$
pdf) $F(x)$
$u(t, x)$ (3) $X_{t}$ pdf
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$\{$
$\partial_{t}u+\partial_{x}\{a(t, x : u)u\}=\frac{1}{2}\partial_{x}^{2}\{b^{2}(t, x : u)u\}$ , $(t, x)\in R_{+}\cross R^{1}$
$u(0, x)=u0(x)$ .
(4)
, 2 PDE (4) SDE (3)







(A.1) $a(t, x, y),$ $b(t, x, y)$ $(x, y)$ 1 (of
linear growth)
(A.2) $a(t, x, y),$ $b(t, x, y)$ $t$ $x,$ $y\in R^{1}$
Lipschitz
(A.3) $F(x)$ $C^{2}$-class \tau $u_{0}(x)$ $p\geq 1$
, $E|\xi|^{2p}<+\infty$
SDE (3) – $(X_{t}, u(t, x))$
2.1 Euler-Maruyama
Euler-Maruyama SDE (3)
$t_{k}=k\cdot h,$ $h=T/N$ $\overline{X}_{kt_{k}}=\overline{X}$ $t=t_{k}$
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$X_{t_{k}}$ :
$\overline{X}_{k+1}=\overline{X}_{k}+a(t_{k},\overline{x}_{k} : \mathrm{M}\overline{u}(t_{k}))\cdot h+b(t_{k}, \overline{x}_{k} : \mathrm{M}\overline{u}(t_{k}))\cdot\triangle kW$,
$0\leq k\leq N-1$ ,
$\overline{X}_{0}=\xi(\omega)$ , $\llcorner \mathrm{B}\text{ }\triangle_{k}W=W(t_{k+1})-W(t_{k})$
(5)
$\overline{u}(t_{k}, x)$ $\overline{X}_{k}$ pdf $\mathrm{M}\overline{u}(t_{k})$ Monte
Carlo estimator estimator
$N_{0}$ $\{\overline{X}_{k}(\omega^{i}), 1\leq i\leq N_{0}\}$
–
estimator
(M) $g(x)d_{X}$ $N_{0}$ $\exists_{\eta(>}0$ ) such that
$E[ \int\epsilon(x)\phi(X)dX]^{2}p=C_{g},\psi N_{0^{-}}.2p\eta$ for $\forall_{\phi}\in C_{0}^{1}$ ,
$\epsilon(x)=\mathrm{M}g(X)-g(x)$ $C_{g,\phi}$ $g(x)$ , $\phi$
.
(A. $1$ ) $-(\mathrm{A}.3),$ $(\mathrm{M})$
Theorem 2. 1 ([6]) Euler-Maruyama (5)
$\{\overline{X}_{k}\}$ $” \mathit{1}/\mathit{2}^{f}$’- :
$\max_{k}E|\overline{X}_{k}-x_{t_{k}}|^{2p}=C\{N_{0^{-}}2p\eta+h^{p}\}$ (6)
( 1) ([4]) (M.2)
:
(M.2) $E \int|\mathrm{M}g(X)-g(X)|^{2}pd_{X}=O(N_{0}^{-2p\eta})$ .




$N,$ $N_{0}$ , $N_{0}=N^{\beta}$ for $\exists_{\beta}$ ,
$\text{ }$










$K(x)$ \iota J.\supset g‘‘\emptyset *X \xi 7–\tau $\text{ ^{}\delta}\text{ }\mathrm{L}_{\text{ }}\mathrm{a}\text{ }$
(K.1) $\int K$. $(x)d_{X}=1$ , $\int|xK(x)|d_{X}<+\infty$ .
(K.2) $r_{1}>0$ , ,
$K_{r_{1}}:= \sup_{y}\frac{|1-(FK)(y)|}{|y|^{r_{1}}}<+\infty$ , eu $FK(y)$ va $K(x)\text{ }$
Fourier image.
$K(x)$
$\mathrm{M}_{K}^{\delta}\overline{u}(t_{k}, x)$ , $u(t_{k}, x)$
Proposition 2. 1 ([6]) (4) $u(t, x)$
$r>0$ $U_{r}:= \sup_{t}\int_{-\infty}^{\infty}|y^{r}(Fu)(t, y)|2dy<+\infty$ .
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$\mathrm{M}_{K}^{\delta}\overline{u}(t_{k}, x)$ 2 IMSE$(t_{k},$ $N_{0,)}\delta$ $:=$
$E \int|.\mathrm{M}_{K}^{\delta}\overline{u}(tk, x)-u(t_{k}, x)|2dX(1\geq r)$, \mp \acute$\int$
IMSE$(tk, N_{0}, \delta)\leq\frac{K^{2}}{N_{0}\delta}+(K_{r}U_{r})^{22r-3}\delta+\delta K/2E|xt_{k}-\overline{X}_{k}|^{2}$ (7)
$K^{2}= \int|K(x)|2dX$ , $K^{\prime 2}= \int|K’(X)|2dX$ .
Proposition2. 1 Theorem2. 1 :
Theorem 2. 2 ([6]) Proposition 2. 1
$\mathrm{M}_{K}^{\delta}u(tk, x)$ window width pammeter $\delta$
$\min_{\delta}\min_{k}IMsE(t_{k}, N^{\beta}, \delta)\leq 3[E_{r}(\delta_{*})+\delta_{*}^{-1}K^{2\beta}N^{-}]=O(N^{-4r}/(2r+3))$
,






(Q.3) (1) (2) ?
$F(x)$ $\delta_{0}(x)$
? Burgers equation (i.e.






















$X_{0}^{i}=$ $\xi^{i}$ , $1\leq i\leq N_{0}$
(8)
,
$W_{t}:=(W^{1}, W^{2}, \cdots, W^{N}0)$ No- Brownian $\{\xi^{i}\}$
$u_{0}(x)dX$ i.i.d.




(cf. D.Talay, L.Tubaro, P.Bernard, M.Bossy [11],
[1] $)$
3.1 SDE
SDE (8) Euler-Mauyama scheme
$\{$
$\neg X_{k+},$ $=a(t_{kk}, \overline{x}^{i}, \frac{1}{N_{0}}\sum_{j\neq i}^{N_{0_{F(X_{k}}}}\neg-\overline{X})j)kh$
$+b(t_{k},x_{k} \neg, \frac{1}{N_{0}}\sum^{N0_{F(^{\neg}}}j\neq iX_{k^{-}}\overline{x}^{j}k))\triangle_{k}W^{i}$




$\neg \mathrm{Y}_{t_{k+1}}=$ $a(t_{k},\mathrm{Y}_{t}\cdot\overline{u}^{i}\neg k(t_{k}))h+b(t_{k},\mathrm{Y}_{t_{k}}; \overline{u}^{i}(\neg tk))\triangle_{k}W^{i}$
$\overline{u}^{i}(t_{k}, X)=\neg \mathrm{Y}_{t_{k+1}}\emptyset pdf_{0}$





$E \{\max_{k}1\leq\leq N|X_{t_{k}}-\overline{Y}t_{k}1|^{2}\}\leq C\cdot h$ .
AKohatsu Kohatsu-Ogawa [8]
:
$E \{\max_{k}|\overline{\mathrm{Y}}_{t_{k^{-}}}^{1}\overline{X}_{k}12|\}\leq C\cdot N_{0}^{-1}$
$\{\overline{X}_{k}^{1},1\leq k\leq\ovalbox{\tt\small REJECT}^{1}\}$ 1\sim /2-
(Q.1)
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Theorem 3. 1 (A. $l$) $-(A.\mathit{3})$ ( $p=1$)
$E \{\max_{k}|\overline{X}_{k}^{1}-X_{t}|^{2}k\}\leq C(h+N_{0}^{-1})$ .




Theorem 3. 2 (A.Kohatsu-Higa&S.Ogawa [8]) Euler-
Malyama scheme (9 $\{\overline{X}_{k}^{\perp}, 1\leq k\leq N\}(\mathit{3})$
$X$ ”1”
$h(x)\in C^{2}$





$k\leq N)$ (2) $u(t, x)$
$F(x)$ $\delta(x)$




(2) ( $u(t, x)^{)}$
$U(t, x)= \int_{-\infty}^{x}u(t, y)dy$
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Burgers equation $(a(t, x, y)=y,$ $b(t, x, y)=1F(x)=$
$H(x)$ $H(x)=$ Heaviside’s function)
:
$dX_{t}=U(t, X_{t})dt+dW_{t}$ , $X_{0}=\xi\sim u_{0}(x)dX$ , (11)








$\partial_{x}\{\partial_{t}U+\frac{1}{2}\partial xU^{2}-\frac{1}{2}\partial^{2}U\}x=0$ , $(t, x)\in R_{+}\cross R^{1}$














$H^{\epsilon}(x)$ ( $H^{\epsilon}(x)arrow H(x)$ as $6arrow 0$) ’
$\overline{X}_{t}^{\epsilon}$ $X$














$dX_{t}=a(t, X, U)dt+b(t, X, U)dW_{t}$ ,
$X_{0}=\xi\sim u_{0}(_{X})d_{X}$
$U(t, x)= \int^{x}u(t\cdot, y)dy\text{ }u(t, X)=X_{t}\text{ }$ pdfo
(13)
$a(:),$ $b(\cdot)$ $u_{0}(x)$ (A.2),
(A.3) (with $p=1$) (A.1) (A.1)’
(A.1)’ $a(t, x, y),$ $b(t, x, y)$ $[0, T]\cross R^{1}\cross[-1,1]$
(13) $u(t, x)$ $u(t, x)$
$\mathrm{M}\mathrm{c}\mathrm{K}\mathrm{e}\mathrm{a}\mathrm{n}$-Vlasov
(GMV) $\{$
$\partial_{t}u+\partial_{x}\{a(t, X, U)u\}=\frac{1}{2}\partial_{x}^{2}\{b^{2}(t, x, U)u\}$
$u(0, x)=u0(x)$ .
$U(t, x)= \int_{-\infty}^{x}u(t, y)dy$
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$\{$
$\partial_{t}U+a(t, x, U)\partial_{x}U=\frac{1}{2}\partial_{x}\{b^{2}(t, X, U)\partial_{x}U\}$ ,







$\rho_{\epsilon}(x)$ $\epsilon(>0)$ molli er $(X^{\epsilon}., u^{\epsilon})$ $F(x)=H^{\epsilon}(X)$
SDE (3) :
$\{$




$u^{\epsilon}(t, x)=$ pdf of the $X_{t}^{\epsilon}$ .
(15)
$c_{\epsilon}(t, x, g)=c(t, x, \int H^{\epsilon}(x-y)g(y)dy),$ $(c(\cdot)--a(\cdot), b(\cdot))$
$g(x)$ pdf
$X^{\epsilon}$ SDE (13)
$a(\cdot),$ $b(\cdot)$ $u_{0}(X)$ (A. $1$ )’ $-(\mathrm{A}.3)$
(H.1) SDE (15) Pdf $u^{\epsilon}(t, x)$ $x$ $L^{2}$
estimate, $||u^{\epsilon}(t, \cdot)||_{2}\leq\psi(t)$ \psi ( $(0, T]$
(H.2) (GMV) 1 Ll-
$\sup_{t}||u(t, \cdot)||_{1}<\infty$
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( ) $b(t, x, y)=1$ $a(t, x, y)$ (A.1)’, (A.2)
(H. $1$ ), $(\mathrm{H}.2)$
(H.1) S.Meleard-S Roelly [2]
Lemma (H.2)
(GMV) a(t, $x,$ $y$ )
$y$ Lipschitz
Talay-Bossy [1]
Theorem 4. 1([7]) (H. $l$) $-(H.\mathit{2})$ Cauchy (13)





$\bullet$ SDE (13) X. pdf ( )
$u(t, x)$ (GMV)
$\bullet$ – (H.2) SDE (13) $X_{t}$ $U(t, x)=$
$\int^{x}u(t, y)dy$ –
SDE (13)
$(t, x)arrow a(t, x, u(t, x)),$ $b(t, X, u(t, x))$
$\bullet$ ( ) Martingale Problem
$(\mathrm{M}\mathrm{P})$ SDE (13) X.
SDE (13)
Martingale Problem
$(\mathrm{M}\mathrm{P})$ $C([0, T]arrow R^{1})$ , $\mu$
, ?
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$x(\cdot)$ $C([0, T]arrow R^{1})$ canonical process
$\mathcal{L}_{\mu}\phi:=\frac{1}{2}b^{2}(t, X, U(t, X))\partial 2\emptyset x(x)+a(t, X, U(t, x))\partial x\emptyset(X)$ .
$\{X^{\epsilon}.\}$ SDE(13)
$\bullet$
$\epsilon$ SDE (15) $(X^{\epsilon}, u^{\epsilon})$ –
$\bullet$ infinitesimal generator $L^{\epsilon}$ Martingale
Problem – $\mu^{\epsilon}$ :
$L_{\mu}^{\epsilon} \phi:=\frac{1}{2}b_{\epsilon}2(t, X, \mu)\partial_{x}^{2}\psi+a_{\epsilon}(t, x, \mu)\partial_{x}\phi$ .
$\bullet$ – $\{\mu^{\epsilon}\}$ tight
(Proof)
.. (A.1)’ $a(t, x, y),$ $b(t, x, y)$
$\{X^{\epsilon}.\}$ equi-
continuous :
$\epsilon$ , $E|X_{t}^{\epsilon}-X^{\epsilon}s|^{4}\leq C(t-S)^{2}\text{ }$
$\bullet$ $\epsilon_{n}arrow 0$ $\mu^{*}$
$\{\mu^{\epsilon_{n}}\}$
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